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Nomenclature

A = hole cross-sectional area
Aplae = total surface area of porous plate
D = nominal circular diameter of hole
kp = scaling factor for diameter of each hole,

due to roughness (<1)
kporosiy = scaling factor for the porosity of each plate,

due to blocked holes (<1)
4 = entry length, defined as distance along the axis of a

hole where the center-line velocity reaches 99%
of its fully developed value
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local Mach number in hole

total transpiration mass flow through porous plate

static pressure

stagnation pressure

ideal gas constant

hole Reynolds number based on diameter

effective Reynolds number of flow inside the hole

= absolute static temperature, assumed constant

along hole

plate thickness

cross sectionally averaged flow velocity in hole

X axial coordinate inside hole

y specific heat ratio

Apuwble = pressure drop across the separation bubble at
hole entrance

K = ratio of apparent skin-friction coefficient in entry

length to the skin-friction coefficient of fully

developed pipe flow

absolute viscosity

cross sectionally averaged density

apparent wall skin friction, averaged over

axial length
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Subscripts

1

hole entrance station
= hole exit station

Introduction

ALL transpiration through porous surfaces is used in many

aerodynamic flow control devices as a means of influencing
boundary-layerbehavior. The use of plates with microscopic laser-
drilledholes has come to be preferred for this purpose. To predictthe
performance of such plates one must have an accurateknowledge of
how the transpirationmass flux depends onrelevant parameters such
as pressure difference, hole diameter, and fluid properties. The tran-
spiration mass flux is related to the fluid velocity inside each hole as

1= (py V) X Ape X porosity (1)

Inger and Babinsky' have recently proposed a new theory to pre-
dict the mass flux vs pressure difference relationship, based on a
solution of the continuity equation, the momentum equation, and
the ideal gas equation, for each hole independently, that is, a large
distance is assumed to exist between holes.

Near the entrance to each hole of a porous plate, the flow is not
yet fully developed,and the velocity gradientnear the walls is quite
steep. This will increase the skin friction near the wall and, by alter-
ing the velocity profile of the flow, cause a change in the momentum
of the flow. Inger and Babinsky' assumed that the average value of
skin friction over the entry length ¢; is some constantx greater than
its fully developed value of (16/Re) x %p V2 and that the average
value of skin friction over the entire length of the hole is given by

%, /LpV? = (16/Re)[(t — ;)/1] + k (16/Re)(£; /1)
= (16/Re)[1 + (< — 1)(£;/1)] @)

Inger and Babinsky' proposed that the value of « be chosen em-
pirically to match experimental data. They assumed also that by
manipulating « in this way the effects of irregularities in the holes
of a porous plate, such as roughness and sharp-edgedintakes, could
be accommodated for. However, it will be shown here that an an-
alytical value for k may be calculated for nearly all cases and that
nonideal aspects of the hole geometry can be dealt with separately.

Proposed Improvements to Skin-Friction Model

When the flow enters each hole it is not yet fully developed; ini-
tially, a boundary layer develops along the wall of the hole, causing
the skin friction to be larger than the value for fully developed pipe
flow by some factor k [Eq. (2)]. Inger and Babinsky! recommended
a value for « of between 2 and 3, giving « a dual role: On one hand,
it was designed to capture entry effects; on the other hand, it was
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required to be the sole method of compensating for manufacturing
inaccuracies.
Inger and Babinsky’s' analysis used the momentum equation

pAVdV = —Adp — D7, dx 3)

However, when the velocity is averaged, the momentum term
(pAV dV) in Eq. (3) now fails to capture the change in momen-
tum due to the changing velocity profile (the value of which is
wpV?2D?/12). Hence, when dm,, is denoted as a small change in
momentum due to the changing velocity profile,

pAV dV +dm,, = —Adp — n D7, dx )

Thus, with Eq. (3) in mind, 7,, is redefined as

- average { 1 dmup}
T, = W+ ——
O<x<t D dx
D dv  dp
_ average | D
_0<X<t{ 4<pvdx+dx)} ®)

Accordingly, the definition of k¥ will also now need to be clarified.
To do this, it is first assumed that the flow inside the hole near the
entrance of the hole is incompressible. Despite that compressibility
is important when considering the overall flow,! this assumption is
justified for two reasons:

1) The effects of non-fully developed flow (such as changing
velocity profile) are largely independent of compressibility.

2) The density does not change very much over the entry length
when ¢; <t is assumed.

With this assumptionin place, V must be constantin the entrance
region. Hence, when the form of Eq. (5) is noted, « is (re)defined
as the ratio of the pressure drop across the entrance region to the
pressure drop across an equal length of fully developed flow:

(Ap ) entry length

(Ap ) fully developed

S (—dp/dx) dx
¢:(+pV?/D/4)(16/Re;)

_ (Ap)y, 6)
32(¢;/DRe))pV?

This may be thoughtof as theratio of the apparentfriction coefficient
in the entrance region (0 < x < ;) to the friction coefficient of fully
developedPoiseuille flow (equal to 16/Re). Equation (3) allows the
determination of x based on the results of other investigators who
have calculated Ap in the entry length. Note that Eq. (2) is still
applicable.

Inger and Babinsky! have proposed that the flow everywhere in
the hole may be treated as isothermal and that the conditions for
Eq. (6) are that in the entrance region the flow is incompressible.
For these flow conditions,a vastamount of research (e.g., Refs. 2-5)
has been performed over the last 100 years to calculate analytical
solutions. We may conveniently use the results of these analytical
investigations to determine the value of «.

Unfortunately, every analytical solution for the (isothermal and
incompressible) flow inside the entrance to a circular hole gives
its own unique values both for entry length ¢; and pressure drop
Ap at this position. To be able to compare these results, a common
value for ¢; must be selected so that k may be evaluated at this new
position for each analytical model. Friedmann et al.> numerically
obtained a precise value for the entry length of ¢; =0.056DRe,,
where D is the hole diameter and Re, is the inlet Reynolds number
based on hole diameter. They report that this value is accurate to
within £10% for Reynolds numbers above 35, embracing nearly all
practical situations.

Denoting (¢;); and (Ap); as the values proposed by various in-
vestigators for entry length and the pressure drop at this distance
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Table 1 Values for < from different inlet length models

(Ap)j/%pV2 K at

Author (¢;)j/(DRey) at (4;); 0.056DRe;
Schiller? 0.0285 2.984 1.324
Campbell and Slattery? 0.0610 5.083 1.329
Langhaar* 0.05675 4911 1.357
Fargie and Martin® 0.0488 4.460 1.373

30 1 ;

\ . ~©- Schiller
5 prTTrrT -5 Langhaar
1 1N o = Campbell etal. |
20 - Fargie et al.

percentage error of Eq.(8)

0 0.02 0.04 0.06
non-dimensional plate thickness, ¢/ D Re;

Fig. 1 Percentage error of Eq. (8) at a range of plate thicknesses.

and 0.056DRe, as the correct value for £;, we obtain the following
relation for « in terms of (Ap); and (¢;); by using Eqgs. (2) and (5):

D Q) —ﬁ[w(/{—l)

0.056D Re,
4(); Lpv2  Re

(£);

(M

k=14 0.279<(Ap)") (€,

1,v2 ) 0.056DRe,

Table 1 illustrates that the various analytical entry models agree
quite closely when treated in this way. Taking the average (1.346)
and substituting into Eq. (2), we find

%,/1pV? = 16/Re[1 +0.019(ReD /1)] (8)

The subscript 1 has been dropped from the second of the two
Reynolds numbers in Eq. (8) because Inger and Babinsky' assume
that the flow inside each hole is isothermal; this means that the
Reynolds number cannot vary along the length of each hole.

Each of the aforementioned analytical entry-length models was
used to test the accuracy of this x model, that is, Eq. (8), and the
percentage error of Eq. (8) was calculated for a range of plate thick-
nesses. This percentageerroris plottedin Fig. 1 foreachentry-length
model.

All of the modelsusedin Fig. 1 are seen to agree very closely and,
hence, can be relied on to give a good indication of the accuracy of
Eq.(8). Clearly,Eq. (8) hasanegligibleerrorfort > 0.05DRe, andis
accurate to within 10% for plate thicknessesas small as 0.015DRe; .
The tendency of Eq. (8) to overpredictincreasingly the value for
as the thickness is decreased toward zero is to be expected because
by nature it assumes that all entry effects are completed by the time
the flow leaves the hole.

Proposed Methods of Compensating
for the Nonideal Hole

Based on analysis of previous research into the entry length of
circular tubes, it is suggested to take « as 1.34 and ¢; as 0.056DRe,
yielding Eq. (8). However, because k is now based on its analytical
value for entry flow into idealized circular holes, an additional strat-
egy is required to model the small manufacturing inaccuracies in-
variably presentin practise. (Inger and Babinsky' empirically chose
Kk specially for this purpose.)

1) A common problem with porous plates is that dirt can block the
holes and in practice plates are often found to be less porous than
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specified. Although this does not affect the flow through a single
(unblocked) hole, the plate porosity must be scaled [see Eq. (10)]
by a factor kporosity, Where kporogiy < 1.

2) For a given cross-sectionalarea, a perfectcircularcross section
gives the smallest viscous pressure drop per unit length. Roughness
represents a departure from this ideal, whereby the fluid in and
amongst the protuberances on the surface will be slowed from the
nominal velocity (given by the standard parabolic velocity distribu-
tion). Consequently,away from the wall, the velocity will be above
its nominal value on average, and so we may say that roughness
reduces the effective cross-sectional area of the holes. This could
be reflected [see Eq. (9)] in an empirical scaling factor kp, for the
diameter of the hole (where kj, < 1). The entry length ¢; is propor-
tional to D?; for this reason, the entry length in Eq. (9) is scaled by
k3. A typical value for k;, (based on typical modern laser-drilled
holes) is around 0.95.

3) The sharp-edged intake is likely to cause a separation bubble.
One consequenceof this is that the value of ¢; in Eq. (8) may need to
be reduced due to improved mixing. However, another more serious
consequence of a separation bubble is that an additional pressure
drop Apwuwbie Will occur across the separation bubble, quite sepa-
rately from the viscous pressure drop in the remainder of the hole.
Ward-Smith’ suggests a value Appubie = 0.250; V2, which would
need to be added to the pressuredrop due to entry effectsand viscous
drag.

Modifications for Inger and Babinsky!
Porous Plate Theory
If Eq. (8) and the recommendations from the last section are
incorporated into the Inger-Babinsky theory,! the Mach number at
exit becomes

v, Y 1r2RE[0 e — 1] /p -1

T /YRT 2/vRecs ta(p1/ p2)
)
where
P2 (kp D)’~/RT !
Re =
32upt 140019 Vikp D)2 /]
and

Po
(1 Ty - 1)/2M12)y/(y71)

P = — APbubble

The expression for transpiration mass flux through the porous
plate given in Eq. (1) is altered to yield

m = (p2 VZ) X Aplate X [kpomsily X (nominal POfOSitY)] (10)

Comparison of Theory and Experiment

Experimental apparatus, methods and error sources are described
by Inger and Babinsky.!

Figure 2 shows the predictions from Eq. (9), with kposiy = 0.88,
kp =0.95,and Appupbie =0.250; Vlz, alongside the experimentalre-
sults with representative error bars. The values of kpoosity and kp
were chosen to be physically as realistic as possible. The height of
the roughness in the holes of the porous plates used in the exper-
iment was seen to be of the order of 0.05D, and the plates were
seen to be 12% blocked. Clearly, there is a very close agreement be-
tween Eq. (9) and experiment, and because the entry length effects
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Fig. 2 Comparison of theory and experiment.

have now been treated in a physically sound manner, Eq. (9) may be
expected to apply accurately to a vast range of practical situations.

In contrast with Eq. (9), the Inger-Babinsky model' fails to make
use of the Kyoo5ity factor to account for blocked holes. In place of
that factor, the value of k was artificially increased until theoretical
and experimental results matched. As a result of this, two major
advantagesof Eq. (9) over the Inger-Babinsky model can be identi-
fied. The first advantageis that « no longer has to be chosen from a
wide range of values for every practical situation (Inger and Babin-
sky recommend the range x =2 — 3); the correct valueis 1.34. The
second advantage of the new approach [Eq. (9)] is that it identifies
all significant physical parameters and so can be expected to suc-
cessfully predict a far wider range of practical conditions than the
Inger-Babinsky model.

Conclusions

The pressure drop in the entrance region of a hole from a porous
plate has been analytically described using a physically realistic
model, and the effects of a nonideal hole have been modeled sep-
arately. Experimental results were obtained that show very close
agreement with the resulting expression for transpirationmass flux.
The new theory is expected to apply accurately to a large range of
practical situations because it is based entirely on basic physical
principles.
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